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INELASTIC  BEHAVIOR  OF  THICK*WALL  CYLINDERS 


ABSTRACT 

Thick-wailed  cylinder*  were  tested 
under  pressure  for  various  end  conditions. 
The  two  materials  used  were  annealed  copper 
and  C1045  steel  in  the  annealed  condition. 


Pressurization  continued  until  the  tubular 


specimens  were  fully  plasticized,  i.  e. 
uncontained  plastic  flow  had  occurred. 

Tests  were  conducted  with  the  specimens  in 
the  open  eod,  closed  end  and  closed  end  with 
an  applied  axial  load  position.  Material 
properties  were  also  derived  experimentally 
with  the  use  of  tensile  specimens  and  thin- 


walled  cylj- 


"'•?  modulus  of  elasticity. 


Poisson's  ratio  and  the  strain  hardening 


factor  were  found  for  each  material. 


Cross  Reference  Data 
Plastic  Defoliation 
Th^ck-Wali  Cylinders 
Strain  Hardening 
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DEFINITION  OF  SYMBOLS 
t  Modulus  of  elasticity 
•J  Poisson1  s  Ratio 

a.  Strain  hardening  factor  (as  computed  from  uniaxial  tests) 

"ci  strain  hardening  factor  (as  computed  from  effective  stress^ 
effective  strain  results) 

(TV  Yield  stress  in  tension 
Zf  Effective  stress 
(f  Effective  strain 
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INTRODUCTION 

An  experimental  test  program  for  pressurizing  thick-wal led  cylinder? 
under  various  end  conditions  has  been  conducted.  The  end  conditions  con¬ 
sidered  were  open  end,  closed  end,  and  closed  end  with  an  applied  axial 
load.  A  single  test  fixture  was  designed  and  fabricated  which  accommodated 
all  three  end  conditions.  This  will  be  described  later.  A  dead  weight 
tester  with  a  100000  psi  capacity  was  used  to  pressurize  the  specimen  and 
a  Universal  Testing  Machine  was  used  to  support  the  fixture  and  supply 
the  axial  load.  In  test,  the  thick-walled  cylinders  were  pressurized 
until  they  were  in  a  fully  plastic  condition.  Two  materials  were  used, 
an  annealed  copper  and  an  annealed  C1045  steel.  Tensile  specimens  and 
thin-walled  tubes  were  used  to  determine  material  properties.  The  modulus 
of  elasticity,  E,  Toisson’s  rati.0,  f  and  the  strain  hardening  factor,  Ct 
defined  by ^  either 


O'  -  cre  (/  -  a)  +  a  £  £ 


u> 


or 


crc  (i  -a)  +  a  £  ^ 

were  determined  for  each  material. 

APPARATUS 

(a)  Test  Fixture 

A  drawing  of  the  test  i.xture  is  shown  in  Figure  1.  The  section 
shows  the  various  components  of  the  apparatus  and  how  the  different  end 
conditions  are  accomplishe.'.  The  specimen  has  an  outer  diameter  of  1.5 


1,  Chu,  Shih-Chi,  Inelastic  Behavior  of  Thick-Wall  Cylinders  Made  of  Strain 
Hardening  Materials,  Rock  Island  Arsenal  Report  RL7110,  U.  S.  Army 
Weapons  Command,  Rock  Island,  Illinois. 

3.  Smith,  J.  0,  and  Sidebottora,  0.  >!.,  Inelastic  Behavior  of  Load-Carrying 
Members,  John  Wiley  and  Sons,  Ir.c.,  New  York,  1965. 


Inches  and  an  inner  diameter  of  1.0  inch.  Its  length  is  7.5  inches. 

The  filler  bar  is  used  to  take  up  volume  in  the  interior  so  that  little  oil 
is  used  in  pressurizing  the  specimen.  Seal  plugs  butt  against  the  filler 
bar  and  also  hold  the  seals.  Two  leather  packings,  a  rubber  "0"  ring, 
and  a  square  aluminum  seal  are  used  on  each  end.  The  adapter  and  adapter 
nut  lock  against  the  end  of  the  specimen  and  their  effect  depends  on  the 
end  condition  desired.  One  of  the  adapters  and  seal  plugs  accommodates 
the  oil  fitting  for  pressurization. 

Hill^^  discussed  the  various  end  conditions  involved.  For  a  closed 
end  tube,  the  longitudinal  force  is  equal  to  the-  force  generated  by  the 
internal  pressure  acting  on  the  end  plugs.  This  is  accomplished  in  the 
fixture  by  removing  the  Universal  Test  Machine  (UTM)  adapters  shown  in  the 
drawing.  As  internal  pressure  is  increased,  the  seal  plugs  move  out  against 
the  adapter  which  transmits  the  end  load  to  the  specimen  end  resulting  in 
the  required  loading  for  a  closed  end  specimen.  In  this  case  the  test  fix¬ 
ture  sits  on  its  end  or  the  lower  platen  of  the  UTM.  Figure  2  is  a  phoco- 
graph  of  an  exploded  view  of  the  apparatus  and  Figure  4  shows  the  apparatus 
set  up  in  the  closed  end  condition.  For  the  open  end  configuration,  the 
longitudinal  force  in  the  specimen  is  zero.  This  is  accomplished  by  replac¬ 
ing  the  UtM  adapters  by  straight  unthreaded  .adapters  vhi.  lt  rest  on  the  s*  il 
plugs  and  extend  a  little  beycaa  the  ends  of  the  adapter,  fhus  the  open- 
end  configuration  can  be  satisfied  in  two  ways.  The  unthreaded  adapters 
are  positioned  between  the  platens  of  the  UTM.  The  internal  pressure, 
as  it  is  increased,  acts  on  the  seal  plugs  as  before  but  this  time  they 
are  prevented  from  contacting  the  adapter.  They  transmit  the  load  to  the 
unthreaded  adapters  which  in  turn  act  on  the  platens  cf  the  UTM.  Here, 

2.  Hill,  R.,  The  Mathematical  Theory  cf  Plasticity,  Oxford  at  the 
Ciarenuon  Press,  19S6, 
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the  load  is  carried  by  the  IJTM.  Since  this  involved  motion  of  the  seals 
during  pressurization,  a  better  method  of  loading  in  the  open  end  case 
was  to  apply  an  axial  compressive  load  to  the  unthreaded  adapters  using 
the  UTM.  This  applied  axial  load  was  approximately  the  maximum  axial 
load  expected  during  the  test.  The  load  was  applied  to  cite  column  con¬ 
sisting  of  the  unthreaded  adapters,  the  seal  plugs  and  the  filler  bar. 
Readings  on  the  strain  gages  on  the  specimen  during  this  procedure  rarely 
exceeded  10  -  15  microinrhes/inch  showing  very  little  ieal  friction.  As 
the  internal  pressure  was  increased,  little  change  was  noted  on  the  UTM 
dial  reading  indicating  little  seal  motion  during  pressurization. 

Figure  3  shows  the  apparatus  in  the  open  end  condition. 

The  final  configuration  to  be  tested  was  the  closed  end  with  applied 
tensile  load.  In  this  configuration  the  UTM  adapter  was  threaded  into 
the  ends  of  the  adapter  and  the  fixture  loosely  held  in  the  upper  set  of 
platens  in  the  UTM.  After  the  required  internal  pressure  was  reached,  a 
tensile  load  was  applied  to  the  specimen  through  the  UTM  adapters.  This 
is  shown  in  Figure  5.  The  material  used  for  the  fixture  is  a  hardened 
4340  steel.  The  UTM  is  a  commercially  purchased  test  machine  with  a  130000 
lbs  capacity.  Pressurization  was  accomplished  using  a  dead  weight  tester, 
i.  e.  the  internal  pressure  is  balanced  against  a  set  of  weights  acting  on 
a  small  piston  For  readings  between  weights,  which  wer-  necessary  with 
the  copper,  a  calibrated  load  cell  and  a  nullmeter  were  used. 

In  addition  to  the  above  tests,  tensile  specimens  and  thin  walled 
cylinders  were  also  tested  for  the  purpose  of  determining  the  material 
properties.  The  tensile  specimens  were  .507  inch  diameter  with  threaded 
ends  and  2  h  gage  length  and  were  tested  in  the  UTM.  Thin  walled 
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specimens  were  fabricated  from  thick  wailed  specimens.  The  specimen  wall 
thickness  was  .020  inches,  the  inside  diameter  remaining  1  inch. 

(b)  Gaging 

For  each  thick-walled  tube,  two  axial  and  two  tangential  strain 
gages  were  used.  The  gages  used  were  120  ohm  high  elongation  gages  with 
a  three-eighths  gage  length.  A  high  elongation  epoxy,  RTC,  was  used  in 
bonding  the  gages.  The  same  type  gage  was  used  in  the  thin  walled  specimens 
For  the  tensile  specimens,  smaller  high  elongation  gages  available  in  the 
laboratory  were  used.  These  had  a  gage  length  of  one  -eighth  inch  and  in¬ 
cluded  two  types,  a  single  general  purpose  gage  as  well  as  a  tec  rosette 
gage  -  two  grids  with  one  90a  to  the  other.  Gages  are  individually  fed 
Into  a  10  channel  ba*  _ice  unit  and  then  to  a  strain  in  creator.  Gages  are 
individually  read  and  then  averaged  if  a  plot  of  the  points  is  required. 

<c)  Test  Procedure 

After  installation  of  the  gaged  specimen  in  the  test  fixture  and 
the  UTM,  all  specimens  are  usually  cycled  once  or  twice  at  a  low  load  just 
to  insure  proper  gage  operation.  For  the  tensile  test,  the  specimen  is 
titan  pulled  in  tension  maintaining  the  stress  within  the  elastic  range  of 
the  material*  This  is  repeated  at  least  once.  This  will  supply  information 
for  computing  the  elastic  constants.  To  calculate  OL  ,  the  strain  hardening 
factor  the  output  of  the  UTH  and  the  two  axi^l  gages  art  applied  to- an  3Mf 
plotter  and  a  high  elongation  test  is  yua,  The  elongations  were  mostly 
about  3*5%,  however,  using  a  different  curing  method  for  the  cement, 
elongations  up  to  9%  were  achieved.  It  was  felt  that  the  strain  harden¬ 
ing  factor  could  be  compared  on  elongations  which  were  as  yet  uniform. 


i,  e. ,  before  necking. 

Tests  on  the  thin  walled  tubas  for  material  properties  were  conducted 
in  the  closed  end  condition.  Results  were  recorded  and  no  attempt  was 
made  to  get  elastic  properties  as  these  were  well  established  by  the  tensile 
tests.  All  gages  were  recorded  individually. 

Thick  wall  cylinder  tests  were  done  by  installing  the  specimen  in  the 
apparatus  under  the  desired  end  conditions.  Gages  were  read  individually 
on  a  strain  indicator.  Pressure  was  applied  using  the  dead  weight  tester 

f*y  \ 

until  one  could  no  longer  keep  up  with  the  readings.  Hill'~'  supplied  an 
equation  to  be  used  in  an  autofretfcage  process  which  gives  the  tangential 
strain  on  the  outside  disaster  for  a  fully  plastic  tube.  Whenever  this 
was  calculated,  the  recorded  strain  exceeded  the  calculated  one  indicating 
that  the  tube  had  been  fully  plasticized. 

RESULTS  AND  DISCUSSION 
(a)  Tensile  Test 

Several  tensile  specimens  were  tested  to  determine  the  elastic 
constants  of  xhu  materials  used.  Two  tangential  gages  and  two  axial  gages, 
all  high  elongation,  were  applied  to  the  specimen.  Two  steel  and  two  copper 
specimens  were  each  tested  in  the  following  manner. 

A  specimen  is  pulled  in  tension  at  load  levels  which  do  not  exceed 
the  elastic  limit  of  the  material.  Ail  gages  are  recorded  individually 
using  a  strain  indicator.  This  gives  sufficient  information  for  com¬ 
puting  the  modulus  of  elasticity,  E,  and  Poisson's  ratio,  .  Tc 
find  the  modulus  of  elasticity,  the  axial  gage  output  is  averaged  and  the 
best  straight  line  is  drawn  trough  the  points  using  the  method  of  least 
squares.  The  technique  is  suggested  by  standard  test  ASTM  Designation; 

2.  Hill,  R,,  The  Mathematical  Theory  of  Plasticity,  Oxford  at  She 
Clarendon  Press,  19S6. 


Eiil-61.  To  find  Poisson’s  ratio,  the  tangential  strain  £r»d  axial  strain 
are  each  plotted  against  load,  again  using  the  method  of  least  squares  to 
find  the  best  straight  line  fit  for  each  curve.  Poisson’s  ratio  is  then 
found  from  the  ratio  of  the  slopes  of  the  curves.  This  technique  is  sug¬ 
gested  by  ASTM  Designation:  2132-61. 

In  testing  for  the  strain  hardening  factor, 0<  ,  the  data  must  be 
recorded  continuously  due  to  the  plastic  defamation  occurring.  Hence  r.he 
twe  axial  gages  were  used  ir.  a  bridge  circuit  which  fed  the  X  of  an 

X-Y  Plotter.  A  linear  potentiometer  was  connected  to  the  beilcws  of 
the  dial  of  the  Universal  Test  Machine  and  its  output  recorded  as  the  Y 
axis.  From  this  arrangement,  a  direct  load-strain  curve  of  each  tensile 
specimen  was  obtained.  At  least  3  1/2%  strain  was  plotted  before  -,..y  of 
the  gages  would  give  way.  The  slope  curve  after  the  material  is 
fully  yielded  is  found  and  set  equal  to  0<E  and  thus  Of  is  calculated. 
It  must  be  kept  is*  mind  that  C<  ..as  found  in  this  manner,  is  the  strain 
hardening  factor  in  a  tensile  test,  i.  e. ,  the  stress-strain  enrve  in  that 
regies,  would  be 


=  0e  (/-€>;  )  t  *£  cl 


(2> 


If  the  effective  stress-strain  expressions  are  used,  then  from  Reference 
(l)  and  (3),  the  saase  equation  (2)  is  written 


O'  -  (7t  '/-«)  -f  Of  £  £ 


(3) 


1.  Cfes,  Shih-Chi,  Inelastic  Behavior  of  Thick-Wall  Cylinders  l-tode  of  Strain 
Hardening  Materials,  Rock  Island  Arsenal  Report  RU7110,  U»  S,  Army 
Weapons  Command,  Rock  Island,  Illinois. 

3.  Saith,  J.  O.  and  SiUebottoHs  0,  M. f  Inelastic  Behavior  cf  Load-Carrying 
Members,  John  Wiley  and  Sons,  Inc.,  New  York,  *965. 
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where 


&  -  +  (  &e  "  •  ^r) 


<*> 


,  .  g  s*  -  -  c  x1 
+  -^£-9  '  *£*/  '^vc'?  '  £<•/ 


O) 


The  Ot  calculated  iron  Eq.  (3)  Is  she  saac  as  Kq*  (2)  if  incoeupress iui 1  i  tv 

>.&  asswnssd,  i,  e. ,  v'  a  i/2. 

Elastic  constants  and  strain-hardening  factor  for  the  tensile  tests 
are  shown  In  Table  1, 

luring  the  first  tensile  teat  run,  load-strain  readings  were  taken 
manually  as  far  as  possible  inf-  thr  plastic  range,  the  specimen  unloaded 
and  the  test  repeated  with  the  output  being  recorded  on  the  X-Y  plotter. 

The  results  fro®  the  X-Y  Plotter  are  shown  in  Figure  6.  Readings  are  taken 
from  the  curve  and  the  alo^g  and  hence  t*  calculated  (see  Table  i).  portion 
of  the  curve  used  Is  part  after  yielding  is  completed.  As  mentioned 

before,  this  CX  i  -  calculated  frees  a  tensile  test  expression  (£q.  2)  and 
the  Oc  would  be  the  as  that  iron  gq,  3  if  the  material  is  considered 

incompressible. 

Data  and  results  tram  the  first  two  copper  tensile  spcei.wins  and  the 
first  two  steel  tensile  specimens  are  given  Lo  Pigurrs  £  - 
Since  annealed  copper  was  thought  to  have  scare  strain  hardening  factor,  it 
was  felt  that  the  tapper  being  used  was.  not  annealed  but  already  hardened. 

One  of  the  copper  tensile  spec imens  (03)  was  then  re-annealed  in  tin*  labora¬ 
tory  at  §00°  F  for  1/2  hour  aed  water  quenched.  The  annealing  temperature 
Vas  chosen  low  to  keen  »ny  distort ion  of  the  already  machined  specimen 


either  negligible  or  so  a  minimum.  Figure  10  shows  the  results  from  the 
X-Y  Plotter  during  the  large  deformation  test.  Differences  between  these 
results  and  the  others  are  negligible  as  far  as  the  strain-hardening  fac¬ 
tor  is  concerned.  Elongation  in  this  case,  however,  was  highar. 

the  X-Y  Plotter  put  a  limit  on  the  number  of  gages  that  could  be 
recorded,  hence,  the  above  results  ar?  found  by  using  axial  force  versus 
axial  strain.  Thus  the  ft  is  calculated  for  a  uniaxial  test  rather  than 
a  aultiaxial  test.  The  two  conditions  give  &  different  *T,  as  described 
in  Reference  3  if  compressibility  is  assumed  and  for  the  nultiaxial  test 
the  effective'  stress**  ffective  strain  relation  must  be  used  in  the  computa¬ 
tion. 

Two  tensile  tests,  one  with  a  copper  and  one  with  a  steel  specimen, 
were  repeated  using  a  recorder  to  individually  record  the  strain  gages. 

This  gave  a  record  of  the  axial  load  and  the  axial  and  the  tangential 
strain,  allowing  direct  computation  of  ft.  from  the  effective  stress- 
effective  strain  expression.  The  results  of  the  steel  specimen  are  shown 

in  Figure  11  and  the  results  from  the  copper  specimen  are  shown  in  Figure  12. 

Results  for  the  strain  hardening  factor  are  given  in  Table  l.  The 

strain  hardening  factor  ot  is  found  from  the  uniaxial  scress  and  strain  data 

and  CL  iron  the  computation  of  effective  stress-effective  strain.  Differ¬ 
ences  between  the  two  factors  were  small. 

(t)  Thin  Wall  Tests 

Two  thin  wall  tubus  were  tested  in  the  dosed  end  condition. 

These  were  to  provide  additional  results  for  the  determination  of  the 
material  properties.  The  output  of  the  gage*  was  recorded  individually. 

The  results  of  these  tests  are  given  in  Figures  13  and  14.  Tests  were 

3,  Smith,  J.  0>  and  Sidebottoa,  0.  M.,  Inelastic  Behavior  of  load- 
Carrving  Members,  John  Wiley  and  Sons,  Inc.,  ?»>w  York,  19*5, 
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continued  until  the  thin  wall  tubes  burst.  A  strain  hardening  factor 
>s  given  in  Table  1,  but  Che  tubes  burst  before  any  large  plastic  flow 
occurred. 

(c)  Thick  Wall  Tubes 

Results  for  th£  thick  vailed  tubes  are  shewn  In  Figures  15 
through  18.  Steel  tubes  #1  and  #4  were  tested  in  the  open  and  configura¬ 
tion  as  were  copper  Cubes  #1  and  #4.  Steel  tubes  #2  u,d  #3  and  copper 
tubes  #2  and  #3  were  tested  in  the  closed  end  conditions.  Steel  tubes 
#5  and  #6  and  copper  tubes  #5  and  #6  were  tested  as  close  ended  with  an 
applied  axial  load.  Readings  were  taken  as  pressure  was  increased  until 
it  becarae  impossible  to  keep  up  with  the  notion  of  the  material.  Simple 
calculations  from  Hill^,  gave  the  indication  with  regard  to  r.aigential 
strain  that  the  tubes  were  fully  plasticized.  In  tubes  tested  in  closed 
.*nd  configuration  with  an  applied  4xial  load,  the  pressure  was  brought  up 
to  initially  yield  the  bore  of  the  tube.  An  axial  load  was  then  applied 
using  the  UTM  while  the  pressure  was  maintained  constant.  In  Figures  i? 
and  18.  the  axial  stress  shown  on  the  ordinate  axis  is  solely  due  to  the 
applied  axial  load  and  does  not  include  axial  stresses  due  to  pressure  in 
the  closed  end  configuration. 

2.  Hill,  FU,  The  Mathematical  Theory  of  Plasticity,  Oxford  at  the 
Clarendon  Tress,  1956. 
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Table  1,  Material  Properties 
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(1)  Specimen  necked 

(2)  Using  oi  ,£».  Also  axial  strain  went  compressive  near  end  o£  test,.. 

(5)  based  on  data  Just  befors  failure.  Very  large  plastic  strain  did  not  occur 
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Figure  1.  Specimen  Test  Concept 
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Figure  7.  XY  plotter  Results,  Copper  Tensile  Specimen,  Ci 
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Figure  3.  XY  Plotter  Results,  Copper  Tensile  Speciaien,  C2 
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Figure  13*  Steel  Thia  Wall  Speei»ien 
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Figure  14.  Copper  Thin  Wall  Speciraen 
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Figure  13.  Copper  Thick  wall  Results 
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